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Performance and stability are demonstrated for a nonlinear path-following guidance method for unmanned air
vehicles. The method was adapted from a pure pursuit-based path following, which has been widely used in ground
based robot applications. The method is known to approximate a proportional-derivative controller when following
a straight line path, but it is shown that there is also an element of anticipatory control that enables tight tracking
when following curved paths. Ground speed is incorporated into the computation of commanded lateral
acceleration, which adds an adaptive capability to accommodate vehicle speed changes due to external disturbances
such as wind. Asymptotic Lyapunov stability of the nonlinear guidance method is demonstrated when the unmanned
air vehicle is following circular paths. The adaptive nature of the guidance method makes its stability independent of
vehicle velocity. The stability analysis is also extended to show robust stability of the guidance law in the presence of
saturated lateral acceleration, which is an inherent limitation of flight vehicles. Flight tests of the algorithm, using two
small unmanned air vehicles, showed that each aircraft was controlled to within 1.6 m root mean square when
following circular paths. The method was used to perform a rendezvous of the two aircraft, bringing them into very

close proximity, within 12 m of along track separation and 1.4 m root mean square relative position errors.

Nomenclature

a, , = acceleration command sideways, that is, perpendicular
to vehicle velocity direction

d = cross-track error

L, = wavelength for a sinusoidal input path

L, = line segment defined from vehicle position to a
reference point on the desired trajectory

R = radius of circle or circular segment that the aircraft is to
follow .

Ss = separation set on which g is identically zero

Sipy = separation set on which 8 + 7 is identically zero

Siy = separation set on which B — 7 is identically zero

S, = separation set on which 7 is identically zero

Vv = vehicle speed with respect to the ground

B = angle created from the velocity vector of the reference
point to the line L, with clockwise positive

n = angle created from V to the line L, with clockwise

positive

I. Introduction

WO approaches can be considered for the problem of trajectory
tracking. One method separates the vehicle guidance and
control problems into an outer guidance loop and an inner control
loop. The inner loop controls the vehicle so as to follow the
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acceleration commands generated by the outer loop. Simple
strategies, based on geometric and kinematic properties, are typically
used in the outer guidance loop. The alternative method uses an
integrated approach wherein the inner and outer loops are designed
simultaneously. In this case, a number of modern control design
techniques can be applied, such as receding horizon [1], differential
flatness [2,3], and neural network based adaptive controls [4].

In actual flight applications the separate inner and outer-loop
approach is more commonly taken because it is usually simpler, and
well-established design methods are available for inner-loop vehicle
control. Linear controllers are commonly used for the outer-loop
guidance of an aircraft. Typically proportional and derivative (PD)
controllers are used to reduce the magnitude of the cross-track error,
which is the lateral deviation from a desired flight path. If the desired
trajectory path has gentle curvature, then this simple strategy will
provide reasonably good outer-loop performance. However when
tasks require tight tracking of complex curved paths, linear feedback
on the cross-track error may not provide satisfactory performance.

There are several nonlinear approaches that have been proposed
for unmanned vehicle trajectory tracking. In [5], Nelson et al.
describe an approach using vector fields to represent desired ground
track headings, so as to direct the vehicle onto the desired path. In [6],
a Lyapunov approach is used to control the vehicle velocity vector to
ensure convergence to a limit cycle. The method is well suited to
guiding a vehicle from any initial position to a circular orbit above a
target location. Reference [7] presents an approach that can
accommodate large cross-track or heading deviations from a straight
line path between waypoints. In contrast to the complexity of these
approaches, the guidance law considered in this paper is very simple
and easy to implement, and it has been effective in a very broad range
of applications including ground rovers and unmanned air vehicles.

There are several terminal phase guidance laws that can be used to
accomplish trajectory following by using an imaginary point moving
along the desired flight path as a pseudotarget. Among these, pure
pursuit guidance has been developed for ground rover path control
[8-13] and has been widely used in robotic applications. The
guidance method discussed in this paper adapts this method to create
the lateral acceleration commands for controlling unmanned air
vehicles (UAVs). Our analysis of this nonlinear guidance method
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demonstrates a number of benefits over the other approaches for
following curved paths. In particular, the nonlinear guidance law:

1) Naturally follows any circular path of radius greater than a
specific limit imposed by the dynamics of the vehicle;

2) Has an element of anticipation of the desired flight path,
enabling tight tracking of curved flight trajectories;

3) Incorporates instantaneous vehicle speed, adding an adaptive
feature with respect to changes in vehicle ground speed caused by
external disturbances, such as wind;

4) Is asymptotically stable, for all velocities, in the entire state
space of useful initial conditions, and in the presence of saturation
limits on lateral acceleration;

5) Is very simple and straightforward to apply in actual flight
applications.

In what follows Sec. II describes basic properties and performance
of the nonlinear guidance method. Section 1l introduces a particular
choice of state variables in constructing a dynamic model for
following a circular path, along with an associated linear analysis.
Section IV presents asymptotic Lyapunov stability of the nonlinear
guidance law. Robust stability in the presence of input saturation is
illustrated in Sec. V using an approach similar to that taken in Sec. IV.
Flight test results, showing excellent tracking performance, are given
in Sec. VI. The nonlinear guidance law was implemented in two
unmanned air vehicles in the Parent Child Unmanned Air Vehicle
(PCUAV) Project [14] at MIT.

II. Nonlinear Guidance Law

The approach presented here has been adapted from a pure pursuit
based method [8,9]. A reference point on the desired path is
designated and a lateral acceleration command is generated
according to the direction of the reference point, relative to vehicle
velocity. The reference point is on the desired path at a constant
distance (L) forward of the vehicle, as shown in Fig. 1. The lateral
acceleration command is determined by

VZ
as,., :2L—lsinn (1)

Some significant properties of the guidance equation can be readily
inferred from Fig. 1:

1) The direction of the acceleration depends on the sign of the
angle between the L, line segment and the vehicle velocity vector.
For example, if the reference point is to the right of the vehicle
velocity vector, then the vehicle will be commanded to accelerate to
the right, which is the case in Fig. 1. The guidance method will tend to
align the vehicle velocity direction with the direction of the L, line
segment.

2) If the vehicle is far away from the desired path, then the
guidance method tends to rotate the velocity direction so as to
approach the desired path at a large angle. On the other hand, if the
vehicle is close to the desired path, then the guidance law rotates the
velocity direction so as to approach the desired path at a small angle.

3) At each point in time a circular path can be defined that passes
through the position of the reference point and the vehicle position,
and which is tangent to the vehicle velocity vector; as indicated by the
dotted circular line in Fig. 1. The acceleration command generated by
Eq. (1) is equal to the centripetal acceleration required to follow this
instantaneous circular segment. This is readily shown by noting that
L, =2Rsinn so that the centripetal acceleration is V?/R=
2(V?/L))sinn = a, .. Hence the nonlinear guidance law will
produce a lateral acceleration that is appropriate to follow a circle of
any radius R that is consistent with the vehicle’s capabilities (i.e., a
sufficiently small turning radius).

Remark: In steering ground rovers the pure pursuit based method
in [8,9] generates a command for trajectory curvature using
y = (2/L3)x, where x is the lateral displacement to the reference
point, which can be shown to equal L, sin 7. In this case, the resulting
lateral acceleration is

aircraft
~

desired path " reference point

desired path

reference point

Fig. 2 Relation with proportional navigation.

a, =V?y= V2<£2)(L1 sinn) = 2V—zsin77
L L

which is equivalent to Eq. (1).

A. Relation to Proportional Navigation Guidance Laws

There is an interesting similarity between this algorithm and the
standard proportional navigation missile guidance approach if the
reference point is considered a target. In particular, the lateral
acceleration command in Eq. (1) can be shown to be equivalent to the
formula for the acceleration command perpendicular to the line-of-
sight in proportional navigation, with a navigation constant of
N’ = 2, under the assumption that the reference point is stationary in
the computations of the line-of-sight rate and the closing velocity.
This equivalence can be shown using Fig. 2 by noting that there is an
angular difference between the vehicle lateral acceleration (a,) and
the acceleration perpendicular to the LOS. Using the acceleration
command in Eq. (1) leads to

V2 14
a 105 = dascosn = 2L—sinncosr] =2(Vcos n)(L—sin n)
1 1

Assuming that the target point is stationary, the first bracket is the
closing velocity (the relative velocity component in the direction of
the LOS) and the second bracket is the LOS rate. Therefore

ajos =2Vceh

which is the form of the proportional navigation formula with the
navigation constant equal to 2. However the similarity between the
nonlinear guidance law and proportional navigation is only
superficial because the reference point is actually moving along the
reference trajectory and with L; constant the closing speed between
the reference point and the vehicle is always zero.

B. Linear Analysis and Frequency Response

An important design choice in the nonlinear guidance law is the
look-ahead distance L; between the vehicle and the reference point.
This value can be chosen with the help of a linear system analysis.
When following a straight line path, the guidance law is known to
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nominal line

reference point

perturbed desired path

Fig. 3 Linear model for following a nonstraight perturbed line.

approximate a proportional-derivative controller [10]. Also a
stability analysis is available in [9] with pure delay in the control
loop, for straight paths and paths of constant curvature. This section
presents linear analysis for following a curved path that is a
perturbation from a nominal straight line.

Figure 3 defines the notation used in the linearization. The desired
path is a small perturbation from a straight line, L, is the distance
from the vehicle to the reference point on the desired path, and V is
vehicle ground speed. Also d, d*, and d},; , are lateral perturbations
of the vehicle, the desired path and the reference point from the
nominal straight line, respectively. Assuming the magnitude of the
angles, n, and 1, are small

sinngx~n=mn +n, 2

where 1, ~ d/V and 1, ~ (d — drer o)/ Ly Combining these with

the guidance formula, for the straightline case (i.e., 7 ,, = 0) yields
=2 v sinn &~ 2 4 d+ d 3)
Dsema = L, n~ L, L,

which, as discussed in [10], shows that the linearization of the
nonlinear guidance law produces a proportional plus derivative (PD)
controller for the cross-track error, when following a straight line.
Also vehicle speed V and look-ahead distance L, determine the
proportional and derivative gains. For instance, a small value for L,
leads to a high control gain and the ratio L, /V determines the time
constant of the PD controller. The distance L; can be chosen by
performing a stability analysis with the linear plant model and the
derived linear controller. The plant model should include the vehicle
dynamics with inner-loop bank angle controller (if bank angle is used
to generate lateral acceleration for the aircraft) and any sensor
dynamics in the associated loop transmission function.

For the more general tracking problem with a perturbed trajectory

(.., dyy o # 0), note that for small perturbations a,  ~ —d, and
applying Eqgs. (1) and (2) gives

- 2v2 2v2 .

d+ L_ld L2 d= drct - )

Taking the Laplace transforms of each term of Eq. (4) yields the
input/output transfer function

d 2
() = il where ¢ = 0.707,

d:ef pt(s) Sz + 2;61),15' + a)f, (5)
w, = \/—2.‘/
n — L]

Equation (5) represents a second order low-pass linear system with a
unity steady state gain from the reference point input to the vehicle
position. The damping ratio ({) is always at the desirable 0.707 and
the undamped natural frequency is w, = +/2V/L;.

It is important to note that the input of the transfer function in
Eq. (5)is the lateral position of the reference point, not the position of
the desired path at the current vehicle location (i.e., dj; , notd*). In
effect, the guidance law input comes from the reference point that is
at the “look-ahead” distance L ahead on the desired path. The use of
areference point ahead of the vehicle enables phase recovery around

the bandwidth frequency w,,. Assuming that 7 is small, there is a time

difference of approximately L, /V between d* and dy; |, so that
d:ef—pt(s) ~ e, T~ L,V
d*(s)
Therefore Eq. (5) can be rewritten as
d(s wie™
() _ ©)

d*(s) ~ §2 4 2w,s + o>

To analyze this case further, consider a sinusoidal trajectory
command written as

27X
& —Asm(Lp) )

where A is a small path amplitude, L, is the spatial wavelength of an
input sinusoid (smaller values of L, imply higher spatial
frequencies), and x is distance along the path. Assuming x ~ V¢
produces an input frequency of 2mV/L, and, recalling that
w, = +/2V/L,, gives the frequency response diagrams shown in
Fig. 4. Then if the wavelength of the inputis L, = V27l ~4AL,,
the commanded trajectory expressed by Eq. (7) will excite the system
in Eq. (3) at the bandwidth frequency (w,) at which the phase lag is
90 deg. This is clearly shown in the Bode diagrams as a function of
L,/L,inFig. 4.

This phase lag is referenced from the position input of the
reference point dy ., not from d*, in Fig. 3. Recalling that the
reference point is at L; = L,/4.4 (i.e., about a quarter period
distance ahead) there will be about 90 deg of phase lead in ¢ | over
d*. Therefore the two effects tend to cancel each other, and the phase
difference between the vehicle position and the desired path at the
current vehicle location (i.e., between d and d*) will be significantly
reduced. This is clearly shown in the Bode plot of Eq. (6) in Fig. 4,
which illustrates the improvement in phase response near the system
bandwidth (when L;/L,~ 1/4.4=0.23) that results from the
anticipation (e*).

Remark: This analysis indicates that if L, is the wavelength of the
highest frequency content in the desired path, then the look-ahead
distance L; must be chosen to be less than about L, /4.4 if the vehicle
is to accurately follow the desired path. Furthermore both amplitude
and phase are quite flat out to the system bandwidth frequency.

C. Comparison with Traditional Linear Methods

The previous section showed that for small perturbations about a
straight line path the nonlinear guidance method approximates a
linear PD controller operating on cross-track error. This section uses
simulations to compare the performance of the nonlinear guidance
law and the associated linear controller, for various cases of
trajectories and wind conditions. For the linear controller in the
simulation analysis presented below, a nominal vehicle speed of
25 m/s and a look-ahead distance (L) of 150 m were used to
determine the fixed gains in the associated controller given by
Eq. (3). When following a straight trajectory, the simulations, which
are not shown here, indicate that the performances of the linear and
nonlinear methods are virtually identical.
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Fig. 4 Frequency response for guidance law.

1. Circular Trajectory Following with Wind

The two methods were applied to tracking a circle with a 5 m/s
steady wind from west to east. Figure 5 shows the simulation setup,
the desired curved flight trajectory, and the associated simulation
results. The aircraft is initially heading due north. The performance
of the linear controllers (PD and PID) are shown in the trajectory plot
a) in Fig. 5. For the PD controller, the cross-track error varied in a
range between 30 and 60 m, after the initial transition period. After an
initial transient error of about 40 m the PID controller yielded a cross-
track error that varied between 20 m after the initial transition
period. A more careful look reveals that the vehicle flies outside the
circular path when it is in the downwind region, and inside the
circular path in the upwind region. The reason for this performance
can be explained by noting that when the vehicle is in the downwind
region, it moves faster with respect to an inertial frame. Under this
condition, the vehicle must generate a larger acceleration command
(or alarger bank angle command) if it is to follow the desired circular
path. The linear feedback controller with fixed gain has an inherent
limitation and cannot immediately remove the error, which is the
result of inertial speed changes due to the wind.

On the other hand, the nonlinear guidance law method worked
very well in following the curved path, in the presence of wind, as
shown in Fig. 5b. The reason for the better performance in this case
can be understood by the formula in Eq. (1) where the vehicle ground
speed V is used at each instant in generating the acceleration
command. In other words, the nonlinear guidance law takes into
account the inertial velocity changes due to the wind effect, and
adapts to the situation accordingly.

2. Linked Circular Path Following

As described in Sec. II, the nonlinear guidance law creates a
centripetal acceleration required for the instantaneous circle defined
by the reference point, vehicle position, and velocity direction.
Therefore the nonlinear guidance law tends to have a cross-track
error when the radius of the desired path changes or the turning
direction is altered. To see this effect, simulations were performed for
following linked circular paths as shown in Fig. 6. The commanded
path is composed of five circular segments with the minimum radius
being 250 m (i.e., L; = 0.6R) for the second, the third, and the fifth
segments. For the PID linear controller, the peak cross-track error is

found to be near 70 m when following the second and the third
circular segment. For the nonlinear guidance law, the peak error is
found to be near 15 m when following from the second to the third
circular segments.

Remark: Simulations, not shown here, demonstrated that gain-
scheduling the PID controller with ground speed can significantly
remove errors due to wind. However the error during the initial
transient period, as shown in Fig. 5, still remains. In particular, when
the commanded path has many changes of curvature, as shown in the
example in Fig. 6, the system is in transition for much of the
maneuver and overall performance of the PID controller is limited. In
contrast, as shown in Fig. 6, the nonlinear guidance law performs
much better because it is far less sensitive to transients, while still
providing zero steady state error.

Remark: The adaptive velocity feature of the guidance method
yields a demonstration of Lyapunov stability of the nonlinear
controller that is independent of velocity, as shown in Sec. IV.

III. Analysis of the Nonlinear Guidance Method

It is important to study transient system behavior for situations
where nonlinear effects are significant, which is typically the case
when the initial vehicle state is far away from any stationary point
representing the desired path. This section develops a state space
model for following a circular path with the nonlinear guidance
method. The model will be used in Sec. IV to demonstrate asymptotic
Lyapunov stability and in Sec. V to investigate saturation effects.

A. Nonlinear State Space Model

Figure 7 illustrates the system geometry for a desired path that is
circular. In the following development all angles and angular
velocities are defined to be positive in the clockwise direction and it is
assumed that the inner-loop control system produces the commanded
acceleration exactly, so that a; is equal to a,_,. As shown in the
figure, the vehicle velocity vector has a component V; = V cosp
along the line segment from the vehicle to the reference point, and a
component V; = V sin7 orthogonal to that line. Also because the
reference point always lies on the desired path it must have a velocity
vector Vy that is tangent to the path. Recalling that L, is a fixed
length, the velocity of the reference point, in the direction of L, is
V; = Vy cos B. Furthermore from the diagram in Fig. 7, the reference
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point velocity orthogonal to L, is V, = V sin 8. Combining these
relations gives

V V cos

Vp=—L = Z°0] @®)
cosf  cospB

V, = Vysin f = Vcosntan 9

aircraft
reference point at look-ahead
Lo distance L1 on the desired path
desired circular

path of radius R

Fig. 7 System geometry for following circular paths.

From Fig. 7, the rates of change of the angles 1 and 8 can be

expressed in terms of the inertial angular rotation rates w; , wy, and
wr

= w, — Wy

B=w, —or (10)

Then with reference to Fig. 7, and using the above relations,

@ _M_K(Sin — cosntan ) © _Vr_ Veosn
L=, T o 1 "R " Rcosp
(11

Also using Eq. (1)
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2v
wv:%:ESinU 12)

Substitution of Egs. (11) and (12) into (11) yields

Vv
ﬁz—L—(sinn—‘f—cosr)tanﬁ) (13)
1

Vcosny
Rcosf

B:Lz(sinn —cosntan fB) — (14)
1

which are the nonlinear differential equations for the two angles n
and B, which are the system state variables. If the states always satisfy
the conditions

In()] <90 deg  |B(1)] <90 deg (15)
then the differential equations are well behaved and satisty Lipschitz
conditions.

Remark: The following development will yield conditions on the
relationship between the look-ahead distance and the circular radius
to ensure satisfaction of these conditions. Also in what follows, the
range of allowable initial states will be restricted as in Eq. (15). That
condition applied to 17(0) specifies that the vehicle will approach the
desired circular path such that the reference point is initially ahead of
the vehicle. As well, the condition applied to 8(0) specifies that the
approach will be such that the reference point will initially move
along the desired path in the forward direction.

A unique stationary point for this system is obtained by first
dividing Eq. (13) through by cos 7 and then setting 1 = 0, which
gives By = —n,. Using this condition and setting 8 = 0 in Eq. (14)
gives the stationary point

L
1o = sin”! (ﬁ) = (16)

which represents a perfect following of the desired circular path. The
aircraft trails the reference point around the circle at a chord length L
behind the reference point. Indeed substitution of 1, from Eq. (16)
into the nonlinear guidance law defined in Eq. (1) yields the
centripetal acceleration required to maintain the aircraft on the circle.
Implicit in Eq. (16) is the condition L, < 2R, which is necessary
because the look-ahead distance cannot exceed the diameter of the
circle to which the aircraft must converge.

B. Linearization About a Circular Trajectory

Using the stationary point in Eq. (16), a set of linear equations can
be obtained for small perturbations from the circle. If Ay and A are
small perturbations around the stationary point, so thatn = ny, + An
and B = B, + ApB, then Eq. (13) becomes

. Vv .
An =~ —L—{(cos n, — sinng tan By) An + (cos nosec?Bo) AB}
1

At the stationary point

sinny, = —sin B _L cosny =cos By = ,/1 L1y
Mo = 0=5p" No = 0= 2R
which, upon substitution, yields
. Vv
AN~ — (An+ AP) (17)

Also Eq. (14) becomes

.y L
AB ~ T (cos no + sinng tan By + Flsin 1o sec ﬂO)An
1

V(R
R (L_ cos ngsec? By + cos 1), sec By tan ﬂo) AB 18)
1

Substituting for 1, and B, at the stationary point gives

. \% L. \2
Aﬂmi[An+{2(—]) -1 Aﬁ} (19)
Liy1— & 2K }

Equations (17) and (19) represent a second order system, where the
associated undamped natural frequency and the damping ratio are

Comparing with Eq. (§) for the straight line case, Egs. (20) indicate
that the damping ratio is modified for the circular path case as a
function of the ratio L; /R while the undamped natural frequency
remains unchanged.

(20)

IV. Asymptotic Lyapunov Stability

The purpose of this section is to use the model developed in
Sec. [II.A to create a Lyapunov function that ensures stability of the
nonlinear guidance law when the desired path is circular. The
stability for a straight path is the special case when R approaches
infinity.

A. Bounds on State Derivatives

Much of the development in this section builds on the results of
Blanchini [15]. First consider the regions in the state space where the
derivatives of state variables go to zero. For example the set of states
where 7) equals zero can be obtained by the same procedure used to
obtain Eq. (16). Dividing both sides of Eq. (13) by cos 1 and setting 1)
to zero yields

n=0&n=-p 21
and by inspection of Eq. (13)
n>0&n<-4 (22)

n<0&sn>-4 (23)

Figure § depicts these conditions in the two-dimensional state
space. The conditions partition the space into two regions separated
by the diagonal line of points that are elements of the separation set S,
where

Sy=1{n.Bn=-B} (24)
tn
n=0
_l_f]<0
> B
n>0
AN
S

Fig. 8 Conditions on 7.
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Similar conditions on /3 are realized by multiplying both sides of
Eq. (14) by cos B/V and setting 8 to zero obtaining

Lcosn

(sinncos B — cosnsinB) =sin(n — B) = R (25)
which yields the condition
3:0@ﬁ=n—sinfl(@) (26)
and inspection of Eq. (14) produces
B>0@ﬂ<n—sm—l(¥) @7
B<O©ﬂ>n—sin‘1(1$) (28)

The boundary between these two conditions in the two-
dimensional state space is shown in Fig. 9. The state space is
partitioned into two regions separated by the set S; where

L
S5 = {n,ﬂ: ﬁ=n—sin*1($)} (29)

The definition of Sﬁ assumes that L, /R < 1, which is necessary to
ensure that Lipschitz conditions are always satisfied for all state
space trajectories, especially when the initial state places the aircraft
inside the circle.

A third set of useful conditions is obtained by considering the sum
of the two state derivatives. In particular, adding Eqgs. (13) and (14)
produces

A 2Vcosn ( . L,
=—— — 30
Pt Llcosﬁ(51nﬁ+2R) (30)

Because both cosine terms in Eq. (30) are positive everywhere in the
state space only the sine term in Eq. (30) can affect a sign change in
B + 1. Hence with reference to Eq. (16), the following conditions are
realized:

B+ﬁ:0©ﬂ:—sin“(ZL—;€) =B, 31)
B+i>0& B<py (32)
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Fig. 10 Separation sets, convergent contour, and sample state
trajectory for L, /R = 0.5.

B+i<0s B>p (33)

Figure 9 shows how the state space is partitioned by the separation set
S4.,; Where

Sies={n.B: B =P} (34)

Taken together all of these conditions impose restrictions on the
directions that state trajectories can take in various regions of the state
space. These regions are determined by the three separation sets S,
S B’ and S ﬂ e

Figure 9 is a representative diagram illustrating the composite or
intersection of these conditions. The arrows in the figure indicate the
possible directions that state trajectories can take both on the
separation sets and inside each region, bounded by the separation sets
and the periphery of the state. Inside each region the direction of state
trajectories can only lie between the two associated arrows in dotted
lines. The dotted arrows are used here to emphasize that the ranges of
possible directions exclude the directions of the arrows themselves
(i.e., the ranges of directions are open sets).

Note that because all state trajectories initiate strictly inside the
state space they cannot cross the periphery of the state space, and so
the conditions on state trajectory directions verify the assumptions
implicit in Eq. (15). Also both state derivatives are zero at the
stationary point so that it must be an element of all three separation
sets, as shown in Fig. 9. Furthermore as indicated by the arrows in the
figure, state trajectories must proceed in a more or less clockwise
fashion around the stationary point.

B. System Stability

Because the differential equations for the state variables satisfy
Lipschitz conditions, all state trajectories will be continuous
everywhere in the state space. In particular, the state trajectories must
be continuous at points where they intersect the separation sets S,
S, and S i Furthermore the conditions imposed on state
trajectories must be consistent across the separation sets. Thus a
contour composed of piecewise straight line segments can be
constructed in the state space, as shown in Fig. 10.

The contour is continuous everywhere and the geometry of the
separation sets ensures that it converges, in clockwise fashion, to the
stationary point. The convergent contour, and the allowable state
trajectory directions, are everywhere consistent with the conditions
derived earlier, as illustrated in Fig. 9. Figure 10 is an accurate
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representation of the separation sets for the particular case when the
look-ahead distance is half the radius of the desired circle, and so
L,/R=0.5. Thus for this specific case, the stationary point is

located at ny = —f, = 14.48 deg and the three separation sets are
Sy =An.B:p = —n} 35)
. _fcosn
S; = B=n— ) i 36
5 {n,ﬁﬁ nsm(z)} (36)
Sgyn = {n, B:B = —14.48 deg} 37

Also as can be seen in Fig. 10, the contour proceeds in a clockwise
fashion around the stationary point and converges to the stationary
point. More generally, any such contour, emanating from any point
in the state space, will converge to the stationary point. Furthermore
as indicated by the arrows in Fig. 9, as a state trajectory evolves it
must always cross a convergent contour from the left of the contour to
right. Thus because all contours converge to the stationary point in
the clockwise direction, all state trajectories must also converge to
the stationary point in clockwise fashion. The sample state trajectory
shown in Fig. 10 illustrates this clockwise convergence to the
stationary point.

Small modifications of the convergent contour in Fig. 10 will serve
to create a Lyapunov function. As shown in Fig. 11, closed polygons
can be created by extending the descending vertical line segments of
the convergent contour until they intersect either another line
segment of the contour or reach the boundary of the state space.
Although the smaller polygons in the space are completely formed by
convergent contour line segments and their extensions, the larger
polygons may be partially formed by line segments and their
extensions, and partially formed by the boundaries of the state space.

The Lyapunov function can now be defined by construction. From
every point in the state space the convergent contour that emanates
from that point is constructed, as in Fig. 10. Clearly many points will
share the same convergent contour. Then the closed polygons for
each contour are constructed, yielding nested polygons, as shown in
Fig. 11. The Lyapunov function at each point in the space is then
defined as the area of the smallest polygon containing that point.
Thus at each point on the periphery of a polygon the value of the
Lyapunov function is constant and the periphery of the polygon is a
level surface of the Lyapunov function.

By recalling Fig. 9, note that all state trajectories in Fig. 11 must
pass from the exterior to the interior of every polygon except on the
separation sets S, S;, and S5 ., where the state trajectory may lie
instantaneously along an edge of the polygon. Therefore because
trajectories always pass from larger to smaller nested polygons, their

B= L—Vl(sin n —cosntan ff) — Recos B

The approach in Sec. IV can then be used to derive separation sets Sy, Sy, S;

f+17=0,and f — 1) = 0, respectively.

Veosn . —ﬁ(Sinrl-l-Cosntanﬂ)
17 - £ @sgn(n)sing® —siny + cosptan f) if 5] > 1*

area will decrease everywhere, except possibly on the separation
sets. In other words the time derivative of the Lyapunov function is
negative semidefinite. However asymptotic stability can be shown
by La Salle’s theorem [16]. The set

E = union of the separation sets = U{Sﬁ, SgeSyipt

contains all points where the time derivative of the Lyapunov
function becomes zero. The stationary point at 7, B is unique and it
lies in E, and so it is the largest invariant set in E. Thus by La Salle’s
theorem, every solution will be asymptotically stable.

A similar approach can be used to demonstrate stability on circular
paths of different radii in the allowable range. The same approach can
also be used to show stability for a straight line path and for the
smallest allowable circular path as well, namely L,;/R — 0 and
L,/R — 1. Note that this demonstration of stability is completely
dependent on the separation sets S;, S, and Sy ., all of which are
independent of vehicle velocity. Hence the guidance method is
asymptotically Lyapunov stable for all vehicle velocities.

A plan view simulation of the aircraft converging to the desired
paths is shown in Fig. 12 which plots the aircraft path (dark line), and
the desired circular path (circle), both of which are continuous lines.
The figure also shows the instantaneous discrete positions of the
look-ahead lines (L, ). At the beginning of each trajectory these lines
are shown at equal increments of time (gray). The specific aircraft
path shown in Fig. 12 corresponds to the 7, f state trajectory shown
in Figs. 10 and 11.

V. Saturation Effects

This section discusses the behavior of the nonlinear guidance law
in the presence of saturation. In particular, if the available
acceleration is limited by |a,| < a¥, then a corresponding n* limit
can be defined as

& . faiL,
n* = sin I(2V2) (38)

To accommodate the saturation limit in the system dynamics,
Eqgs. (10) and (11) remain unchanged, but Eq. (12) is modified to

o :&:{%Si“” i lnl = (39)
YT v | san()singtif [n] > n*
where
_ 1 n=0
sgn(n) = {_] n<0
which gives the modified state equations
if [n| < n* (40)

i and S b corresponding to the conditions /3 =0,7=0,

) L,cosn n=-p4 if |n| <n*
L — B — -1 1 L . . s
S;= {r/,ﬁ-ﬂ =17 —sin ( R )} Sy = {mﬁ-{tanﬁ = S | >

p=po=—sin” (%)
. B:

B+i =

cos 8

if [n] < n*

sinn — sgn(n) sin n* — <=1 (sinﬂ +§_112) =0 if |n|>n*

(41)

__Ljcospy

S, .= . COSﬂ_ZRsinn

B—n — ’7»/3 COSﬂ_ Ljcosn
" 2R sgn(n) sinp*

if || <n*
if [n| > n*
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Fig. 11 Separation sets, Lyapunov polygons, and sample state
trajectory for L, /R = 0.5.

L/R=05

desired path

Fig. 12 Simulation of aircraft converging to a circle (L;/R = 0.5).

For comparison, the separation sets for a case when n* = 40 deg
with L, /R = 0.5 are shown in Fig. 13, which can be compared with
the equivalent unsaturated case in Fig. 10. The figure also shows the
possible directions of the trajectory at each region made by the
separation sets and the associated convergent contours. Note that the
shapes of the separation sets are distorted for the region where
|n| > n*. The plot shows that the contours converge to the stationary
point, and the associated phase plot in Fig. 14 shows convergence
throughout the entire state space defined by || <90 deg and
|B] <90 deg.

For lower saturation levels (i.e., smaller n*) the convergence
region is reduced. In particular, there is a drastic change in the shape
of the separation sets, especially for S, in Eq. (41), when
n* ~ 30 deg. Figure 15 shows the separation sets and the phase plot
for n* =25 deg as an example case of n* < 30 deg. In the regions
created by S; and S;_, when |n| is relatively close to 90 deg, the
possible directions of state trajectories, as indicated by the arrows
and the associated angles in Fig. 15, will make |n| even larger.
Therefore some of the trajectories with relatively large || values will
exit the state space, as shown in Fig. 15. These results show that it is
only possible to use the techniques of Sec. IV to show that the entire
region is convergent when n* < 30 deg.

n'=40[deg] L /R=05

n [deg]

W — § ‘
50 0 50

B [deg]

Fig. 13 Separation sets and convergent boundary contour.

n'=40[deg], L /R=0.5
80
60

40 - = ? -

-50 0 50
P [deg]
Fig. 14 Phase plot.

In conclusion, as long as the available acceleration is greater than
the centripetal acceleration required to follow a circular path of radius
L, that is n* = 30 deg, the entire region defined by |n| <90 deg
and | 8| <90 deg is convergent.

Remark: The reason that 30 deg is the critical * can be understood
by recognizing that if n* = 30 deg, then the maximum acceleration
is ayma = (QV?/L))sinn* = V?/L, which implies that, when
saturated, the vehicle can create a circular trajectory of radius L. On
the other hand, if n* <30 deg then the maximum acceleration is
Ay max < V?/L,, and so the minimum turning radius will be larger
than L,. As a result, it is straightforward to construct limiting
scenarios whereby the distance to the circle will exceed L; and the
reference point on the desired path will be lost.

VI. Flight Test Results

The guidance algorithm was implemented and tested with the two
UAVs constructed in the parent child unmanned air vehicle
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Fig. 15 Phase plot as an example case of n* <30 deg.

Fig. 16 Formation flight during flight test (the minivehicle is
commanded to be 12 m behind and 2 m above the parent).

(PCUAV) project at MIT. In creating the required lateral
acceleration, bank angle control was used in the inner loop. The
associated outer-loop control bandwidth was limited by the inner-
loop bank control bandwidth (2-3 rad/s) and a GPS time delay of
0.4 s. Thus with the nominal flight velocity of about 25 m/s, the
choice of L; = 150 m results in the associated crossover frequency
at 0.4 rad/s. The average wind condition in these flight tests was
5 &+ 1 m/s, which was determined after the flights by comparing the
GPS velocity and air-speed sensor measurements. Bank angles
ranged up to about 20 deg magnitude, with bank angle limits at
30 deg magnitude.

The minichild vehicle shown in Fig. 16 has a wingspan of 2.54 m
and its total weight, including onboard avionics, is 9.1 kg. The parent
vehicle in the same figure has an outboard horizontal stabilizer
(OHS) configuration. The aerodynamic and the associated stability
features of this platform are in [17,18]. The vehicle has a wing span of
4.5 m and its total weight is 20 kg.

Figure 17 shows the flight data for the minivehicle using the
nonlinear guidance law for path following in the lateral direction.
The plot shows the two-dimensional trajectory of the minivehicle
(solid line) with a commanded desired trajectory (dotted line). The
small numbers along the trajectory are the flight times recorded in the
onboard avionics. This plot indicates that the vehicle follows the
commanded trajectory quite well. When the minivehicle flies along
the circle the lateral displacement between the vehicle and the desired
path remained within +2 m for 75% of its flight time and within
£3 m for 96% of the flight time.

The tight trajectory tracking capability of both aircraft, as
facilitated by the nonlinear guidance method, demonstrated that the

300 T T T T T
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— Position Trajectory

200
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-1001

-200F

-300F

—400 i i i i i i
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Fig. 17 Flight data of minivehicle trajectory following.

two vehicles can rendezvous from arbitrary initial positions to a
configuration of precise formation flight on the same desired circular
path. Figure 16 shows a photo taken from the ground during the
formation flight period. During formation flight the along track
separation distance command was reduced gradually by a ground
station command from an initial command of 30 m, in steps, down to
12 m. During the period of the entire formation flight, the separation
distance command was slowly reduced, and the minivehicle
followed its command within an error of £2 m, for 86% of this
period. Sensor errors in the onboard inertial system and wind
variations are the most likely contributors to these remaining errors.

VII. Conclusions

This paper discussed a nonlinear path following guidance law that
has been adapted from pure pursuit based methods, and reported
flight test results using this algorithm to accurately control two UAVs
in the presence of significant wind disturbances. The results in this
paper extended previous linear stability analysis to demonstrate that
the algorithm has an element of anticipation of the desired flight path,
enabling tight tracking of curved flight trajectories. We also
demonstrate asymptotic Lyapunov stability of the nonlinear
guidance law for the entire state space of useful initial conditions, for
all velocities, and also with saturation of lateral acceleration. The
analysis shows that the nonlinear method will provide superior
performance to the traditional linear technique, which occurs for the
following reasons:

1) The angle 1 used in the guidance law serves three purposes. First
it provides a heading correction. Second for small deviations from
the desired trajectory it provides proportional-derivative control on
cross-track error. And third it provides an anticipatory acceleration
command to exactly follow a circular reference trajectory.

2) The guidance law uses the instantaneous vehicle inertial speed
in the computation of the acceleration command. This kinematic
factor adds an adaptive capability with respect to changes in vehicle
ground speed, due to external disturbances such as wind.
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